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Abstract In some reliability optimization problem the constraints relations have 

probabilistic nature. These constraints are called the chance constraints and are difficult 

to handle up to some extent. The aim of this paper is to solve the reliability-redundancy 

allocation problem involving chance constraints in precise and imprecise environments. 

The component reliabilities of the system are imprecise numbers and further the 

constraints are stochastic type i.e., chance constraints. The genetic algorithm 

incorporated with stochastic simulation approach is implemented to optimize the system 

reliability. We introduced the fuzzy and intuitionistic fuzzy numbers to consider the 

impreciseness. In particular, component reliabilities are assumed to be triangular fuzzy 

numbers and triangular intuitionistic fuzzy numbers in two different environments. The 

simulation technique known as Monte Carlo Simulation is used to find the deterministic 

constraints from the stochastic ones. To transform the constrained optimization problem 

into unconstrained one we make use of the effective Big-M penalty approach. The 

problems are coded with real coded genetic algorithm. We have taken up some numerical 

examples to show the performance of the proposed method and the sensitivities of the 

GA parameters are also presented graphically. 

Keywords Reliability-redundancy allocation problem; Fuzzy number; Intuitionistic 

fuzzy numbers; Real coded genetic algorithm; Chance constraint; Stochastic simulation 

technique 
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1. Introduction 

In case of development of modern highly reliable system, reliability of the system is 

depending on the choice of components as well as nature of components.  Maximization 

of system reliability of a reliable system is being widely studied for several years back 

theoretically and then has been applied successfully in practical area. System Reliability 

having more components can effectively be enhanced by adding some redundant 

components subject to a number of restrictions on cost and/or volume and/or weight. 

Redundancy allocation at component level is found to be more fruitful than the 

redundancy of the system. The Redundancy Allocation Problem (RAP) is the non-linear 

integer programming problem with multiple constraints which of course may be 

deterministic or stochastic in nature. It is also to be noted that the environment under the 

assumption may be precise or imprecise. Different types of uncertainties like, fuzzy, 

interval, stochastic, intuitionistic fuzzy, etc are under the purview of impreciseness in 

which the control parameters and/or variables are considered as imprecise numbers. 

The component reliabilities are assumed as precise or fixed real numbers lying in [0,1] 

in several works available in the field of stochastic optimization of reliability design. 

This indicates that the complete probabilistic information of the components as well as 

system behavior is available. Now, it is clearly seen that, this is related on the criteria 

that all the probabilities can be found absolutely and the components of the system are 

not dependent on each other. 

Many of the available methods for maximization of system reliability, the chance on 

uncertainty is considered to be precise probabilities and the components reliabilities are 

to be treated as fixed positive numbers in the interval [0, 1] (Nakagawa and 

Miyazaki(1981), Kuo et al.  (1987), Misra and Sharma(1991), Chern (1992), Hikita  et 

al. (1992), Ravi et al. (1997), Sung  and Cho (1999), Kuo and  Prasad (2000), Kuo et 

al.(2001), Sun and Li(2001), Sheikhalishahi et al. (2013)). If the above-stated conditions 

are gratified, then, we can determine the system reliability in precise form theoretically.  

In many cases, in view of real-life situations, the system under consideration may be 

recent development or it may be currently launched project and ample statistical 

information is not available. So, it is better to take the component reliability of the system 

to imprecise number in nature. To consider the uncertain numbers for such problems, 

researchers usually make the choice of stochastic, fuzzy, interval; intuitionistic fuzzy and 

neutrosophic approaches and the then those problems are transformed into their 

deterministic forms for sorting them out. We extend it to symbolize the uncertainty in 

terms of intuitionistic fuzzy numbers along with fuzzy. The parameters, the constraints 

and the goals in fuzzy approach are considered as fuzzy numbers with some known 

membership functions. On the other hand, for stochastic approach, all the relevant system 

parameters are assumed as random variables having some familiar probability 

distributions. In fuzzy-stochastic approach, few parameters are taken as fuzzy numbers 

and rests as random variables. In case of the intuitionistic fuzzy technique, intuitionistic 

fuzzy numbers are used to represent the parameters which have membership and non 

membership functions of some type available in the literature.  Some works are observed 

to use the interval method where interval numbers represent the uncertainties. In this 
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area, some remarkable works are available in the literature of reliability optimization 

(Gupta   et al. (2009), Bhunia  et al. (2010), Sahoo et al. (2010), Bhunia  et al. (2010), 

Sahoo et al. (2012), Sahoo et al. (2012), Mahato et al. (2012), Sahoo et al. (2013), Sahoo 

et al. (2013)). Fuzzy set is the generalization of the crisp set and fuzzy numbers that of 

the real numbers. The parameters and variables are assumed as some familiar fuzzy 

numbers in the fuzzy case. In the reliability optimization several works have been done 

using fuzzy uncertainty (Sahoo et al. (2013), Nayagam and Silverman (2016), Mahapatra 

and  Roy (2009), Chiang et al. (2005), Mahato et al. (2020)). 

Many researchers have considered the uncertainty to be represented by interval numbers 

(Gupta   et al. (2009), Bhunia  et al. (2010), Sahoo et al. (2010), Bhunia  et al. (2010), 

Sahoo et al. (2012), Sahoo et al. (2012)). It is easier to estimate the parameters and the 

variables associated with the problem in terms of interval numbers, because in this 

approach no membership function, no distribution function is necessary. 

For the stochastic approach, the parameters and the variables are assumed to behave like, 

some random variables. Further, it is assumed that these will follow some known 

probability distribution. Some researchers have carried out the reliability optimization in 

this approach (Charnes et al.(1958), Jana  and Biswal (2004), Jana and  Biswal (2004), 

Kall  and Wallace (1994), Miller and Wagner (1965)). 

Also, intuitionistic fuzzy approach is the generalization of the fuzzy approach and is 

more realistic compared to fuzzy approach since, in this approach both the membership 

and non membership functions are used whereas only the membership function is used 

in the fuzzy approach. Thus we found it to consider using both the intuitionistic fuzzy 

approach and the fuzzy approach. In the fuzzy and intuitionistic fuzzy approaches, to 

represent the impreciseness, we consider the linear triangular fuzzy number (LTFN) and 

linear triangular intuitionistic fuzzy numbers (LTIFN) which lead to the development of 

the fuzzy and intuitionistic fuzzy models of the reliability optimization problem. 

To implement the uncertainty involving the combination of these approaches, some 

researchers have presented their works on reliability optimization. It is sometimes 

observed that the combination approach produces satisfactory results. In this approach 

the works of Charnes et al.(1958) are worth mentioning. 

In this paper, to solve the reliability optimization involving chance constraints (Charnes 

et al.(1958), Kall  and Wallace (1994), Miller and Wagner (1965), Iwamura and Liu 

(1996)), we bring in the genetic algorithm based upon stochastic simulation (Jana  and 

Biswal (2004), Jana and  Biswal (2004), Kall  and Wallace (1994)) after considering the 

reliability of each component of a system as either precise or fuzzy or intuitionistic fuzzy 

number depending upon the problem. 

We consider the fuzzy model in terms of linear triangular fuzzy numbers and the 

intuitionistic fuzzy model in terms of linear triangular intuitionistic fuzzy numbers. The 

crispification methods for fuzzy and intuitionistic fuzzy numbers are computed and 

presented. To transform the Chance Constraints into deterministic form, we utilize the 

Monte Carlo Simulation technique Rubinstein (1981). For handling the constraints 
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involved, the infeasible solutions are wiped out by the use of Big-M penalty technique 

(Gupta   et al. (2009), Sahoo et al. (2013), Mahato et al.(2020), Miettinen et al. (2003)). 

We coded the entire problem with real coded genetic algorithm and presented the 

outcomes along with comparative studies. 

The whole article is comprised of several sections and subsections. In Section 2, we 

presented the requisite assumptions and the notations that are used throughout the paper. 

Section 3 describes the mathematical preliminaries associated with this work. The 

crispification techniques for the fuzzy and intuitionistic fuzzy numbers are presented in 

Section 4. The probability distributions used for generating random numbers are given 

in Section 5 and Section 6 includes the method to generate random numbers. The 

mathematical formulation of the problem is produced in Section 7 and the stochastic 

simulation and constraints handling method is presented in Section 8. We presented the 

genetic algorithms in brief under Section 9. The numerical examples are given in Section 

10 while the result analysis and sensitivity studies of the GA parameters are presented in 

Section 11. Finally, the conclusions along with the future prospects of the work are given 

in Section 12. 

2. ASSUMPTIONS AND NOTATION  

To formulate the reliability-redundancy allocation problem as non-linear integer 

programming optimization problem, the necessary assumptions which taken into 

consideration are noted below:  

a) Component reliabilities are precise, fuzzy or intuitionistic fuzzy in nature. 

b) Failure of the system does not depend on the failure of a particular component. 

c) All redundancies are active and cannot be repaired. 

d) All the components and the system have any one of the two states, either operating 

or failure. 

e) All the constraints are probabilistic in nature with imprecise resource vector. 

f) All the coefficients in the resource constraints are precise, fuzzy or intuitionistic 

fuzzy in nature depending upon the problem. 

The following notations have been used in this paper. 

Notations Descriptions 

n No.  of subsystems in the reliability system 

𝑦𝑗 No.  of redundant components in the j–th subsystem 

𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑛) Redundancy vector of the system 

𝑝𝑗 , 𝑝𝑗, �̂�𝑗 Component reliability of  the j–th subsystem (precise, fuzzy, 

intuitionistic fuzzy) 

𝑆𝑅(𝑦), �̃�𝑅(𝑦), �̂�𝑅(𝑦) System reliability (precise, fuzzy, intuitionistic fuzzy) 

ℎ𝑖(𝑦), ℎ̃𝑖(𝑦), ℎ̂𝑖(𝑦) i-th constraint function (precise, fuzzy, intuitionistic fuzzy) 

𝑡𝑖 , �̃�𝑖, �̂�𝑖 Allowable limit of i-th resource (precise, fuzzy, intuitionistic 

fuzzy) 

𝑙𝑗(≥ 1), 𝑢𝑗 Lower limit and upper limit of 𝑥𝑗 

𝑎𝑖 Significance level of the i–th chance constraint 
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𝑃(. ) Probability function   

U(a,b) The uniformly distributed random variable over [a, b] 

N(𝜇, 𝜎2) The normally distributed random variable with mean
 
𝜇  and 

variance
 
𝜎2 

popsize Size of population  

maxgen Number of maximum generations 

Pmute Mutation rate 

pcrose Crossover rate 

3. MATHEMATICAL PRELIMINERIES 

Definition 1: Let X be the universe of discourse and 𝜇�̃�(𝑥):X→ [0, 1] be a function. 

Then the set of pairs (x,𝜇�̃�(𝑥)) is called a fuzzy set and can be described as �̃�= 

{(x,𝜇�̃�(𝑥)): x∈ X}. The mapping  𝜇�̃�(𝑥):X→ [0,1] is called the membership function of 

x∈ 𝑋  w.r.t.  �̃�. 

Definition 2: The fuzzy set �̃�  is convex iff 𝜇𝑝(𝜆𝑥1 + (1 − 𝜆)𝑥2) ≥

𝑚𝑖𝑛{𝜇𝑝(𝑥1), 𝜇𝑝(𝑥2)}, for all 𝑥1, 𝑥2 ∈ 𝑋, where𝜆 ∈ [0,1]. 

Definition 3: The fuzzy set �̃� is normal fuzzy set if  𝜇𝑝(𝑥) = 1, for some x∈ 𝑋. 

Definition 4: A fuzzy set is a fuzzy number provided 

i) It is convex and 

ii) Normal. 

The membership function of the fuzzy number �̃� is given by    

𝜇𝑝(𝑥) = {

𝑙(𝑥),   𝑝1 ≤ 𝑥 ≤ 𝑝2
1, 𝑝2 ≤ 𝑥 ≤ 𝑝3
𝑢(𝑥),   𝑝3 ≤ 𝑥 ≤ 𝑝4
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

where, l(x) and u(x) are the left and right shape functions. 

 

Figure 1. General fuzzy number 
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Definition 5: Intuitionistic Fuzzy Set (IFS)  

Let X be the universe of discourse and  𝜇�̂�(𝑥): X→ [0, 1] and 𝜈�̂�(𝑥): X→ [0, 1] be two 

functions. Then the triplet (x,  𝜇�̂�(𝑥),  𝛾�̂�(𝑥)) is called the intuitionistic fuzzy set and can 

be presented as  

�̂�= {(x,  𝜇�̂�(𝑥), 𝜈�̂�(𝑥)): x ∈ 𝑋}. 

Here, 𝜇�̂�(𝑥) and 𝜈�̂�(𝑥) are called the membership and non-membership functions 

respectively of  x ∈ 𝑋   w. r. t. �̃�.  

Definition 6: Intuitionistic Fuzzy Number (IFN) 

Let �̂� denotes an intuitionistic fuzzy number. It can be characterized by the following 

points 

(i) It is an intuitionistic fuzzy subset on the real line. 

(ii) It is normal set, i.e.,  𝜇�̂�(𝑥0)=1 and 𝜈�̂�(𝑥0)=0,  x0∈X . 

(iii) It is convex w.r.t. membership function, i.e.,  

     𝜇�̂�(λ𝑥1+ (1-λ)𝑥2)≥ min{ 𝜇�̂�(𝑥1) ,  𝜇�̂�(𝑥2)},  𝜆 ∈ [0,1],   ∀𝑥1, 𝑥2 ∈X, 

(iv) It is concave w.r.t. the non-membership function i.e.,   for all x1, x2∈X, 𝜈�̂�( λ𝑥1+ 

(1-λ)𝑥2)≤ max {𝜈�̂�(𝑥1) , 𝜈�̂�(𝑥2)}, where 𝜆 ∈[0, 1]. 

 

Figure 2. General intuitionistic fuzzy number 

Definition 7: Linear Triangular Intuitionistic Fuzzy Number (LTIFN) 

�̂� is defined to be a  linear triangular intuitionistic fuzzy number having the  membership 

function (𝜇�̂�(𝑥)) and non-membership function (𝜈�̂�(𝑥)) as follows  

𝜈𝑃 (𝑥) 

𝜇𝑃 (𝑥) 

O 

0.5 

𝑞1 

 
𝑞3 

 

𝑝2 𝑝3 𝑝1 

1 

𝜇𝑃 (𝑥) 
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𝜇�̂�(𝑥) =

{
 
 

 
 
𝑥 − 𝑝1
𝑝2 − 𝑝1

 , 𝑓𝑜𝑟 𝑝1 ≤ 𝑥 ≤ 𝑝2

𝑝3 − 𝑥

𝑝3 − 𝑝2
, 𝑓𝑜𝑟 𝑝2 ≤ 𝑥 ≤ 𝑝3

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

and 

𝜈�̂�(𝑥) =

{
 
 

 
 
𝑝2 − 𝑥

𝑝2 − 𝑞1
 , 𝑓𝑜𝑟 𝑞1 ≤ 𝑥 ≤ 𝑝2

𝑥 − 𝑝2
𝑞3 − 𝑝2

, 𝑓𝑜𝑟 𝑝2 ≤ 𝑥 ≤ 𝑞3

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

where, 𝑞1 ≤ 𝑝1 ≤ 𝑝2 ≤ 𝑝3 ≤ 𝑞3    and  0 ≤ 𝜇�̂�(𝑥) + 𝜈�̂�(𝑥) ≤ 1   ∀𝑥 ∈ 𝑅. 

This LTIFN is denoted by �̂� = (𝑝1 , 𝑝2, 𝑝3 ; 𝑞1, 𝑝2 , 𝑞3). 

 

Figure 3. Linear triangular intuitionistic fuzzy number 

The LTIFN, �̂� = (𝑝1, 𝑝2, 𝑝3 ; 𝑞1, 𝑝2, 𝑞3) is transformed into 

(i) triangular fuzzy number TFN,  �̃� = (𝑝1 ,  𝑝2,  𝑝3) if 𝑝1 = 𝑞1, 𝑝3 = 𝑞3 and  

 𝜈�̂�(𝑥) = 1 − 𝜇�̂�(𝑥), ∀𝑥 ∈ 𝑋. 

(ii) crisp interval [𝑝1, 𝑝3] if  𝑞1 = 𝑝1 and  𝑝3 = 𝑞3.  

(iii) a real number 𝑝 if  𝑞1 = 𝑝1 = 𝑝2 = 𝑝3 = 𝑞3 = 𝑝. 

4. METHOD OF CRISPIFICATION  

4.1 Method of Crispification of Fuzzy Number 

0 𝑞1 𝑞3 𝑝1 𝑝2 𝑝3 

𝜇𝑃 (𝑥) 

 

𝜈�̂�(𝑥) 

0.5 

𝜇𝑃 (𝑥) 

,  𝛾�̃�(𝑥) 
 

 

x 
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The most commonly used technique for defuzzification of a fuzzy number is the centre 

of area (COA) method. If 𝜇�̂�(𝑥) be the continuous membership function of the fuzzy 

number �̃� then the COA formula for crispification is defined as follows (Angelov (1995), 

Mahato  and Bhunia (2016)):  

   𝐹𝐶𝑟(�̃�)  = 
∫  𝜇�̃�(𝑥)𝑥𝑑𝑥

∫  𝜇�̃�(𝑥)𝑑𝑥
 

4.2 Crispification Formula for Linear Triangular Fuzzy Number 

 The crispification formula in this context for linear triangular fuzzy number 

 �̃� = (𝑝1,  𝑝2,  𝑝3) is given by [34] 

𝐹𝐶𝑟(�̃�) = 
1

3
(𝑝1 +  𝑝2 +  𝑝3) 

4.3 Method of Crispification of Intuitionistic Fuzzy Number 

For the intuitionistic fuzzy number  �̂� with the continuous membership function 𝜇�̂�(𝑥) 

and non-membership function𝜈�̂�(𝑥), the Centre of Area (COA) crispification formula is 

given by Angelov (1995): 

𝐼𝐹𝐶𝑟(�̂�) =
∫(𝜇�̂�(𝑥) − 𝜈�̂�(𝑥))𝑥𝑑𝑥

∫(𝜇�̂�(𝑥) − 𝜈�̂�(𝑥))𝑑𝑥
 

4.4 Crispification Formula for Linear Triangular Intuitionistic Fuzzy Number 

For the linear triangular intuitionistic fuzzy number �̂� = (𝑝1, 𝑝2, 𝑝3 ; 𝑞1, 𝑝2, 𝑞3) the COA 

formula can be computed as follows:  

𝐼𝐹𝐶𝑟(�̂�) =
∫ (𝜇�̂�(𝑥) − 𝜈�̂�(𝑥))𝑥𝑑𝑥 + ∫ (𝜇�̂�(𝑥) − 𝜈�̂�(𝑥))𝑥𝑑𝑥

𝑡2
𝑝2

𝑝2
𝑡1

∫ (𝜇�̂�(𝑥) − 𝜈�̂�(𝑥))𝑑𝑥 + ∫ (𝜇�̂�(𝑥) − 𝜈�̂�(𝑥))𝑑𝑥
𝑡2
𝑝2

𝑝2
𝑡1

 

=
∫ {

𝑥 − 𝑝1
𝑝2 − 𝑝1

  −
𝑝2 − 𝑥
𝑝2 − 𝑞1

  } 𝑥𝑑𝑥 + ∫ {
𝑝3 − 𝑥
𝑝3 − 𝑝2

−
𝑥 − 𝑝2
𝑞3 − 𝑝2

 } 𝑥𝑑𝑥
𝑡2
𝑝2

𝑝2
𝑡1

∫ {
𝑥 − 𝑝1
𝑝2 − 𝑝1

  −
𝑝2 − 𝑥
𝑝2 − 𝑞1

  } 𝑑𝑥 + ∫ {
𝑝3 − 𝑥
𝑝3 − 𝑝2

−
𝑥 − 𝑝2
𝑞3 − 𝑝2

 } 𝑑𝑥
𝑡2
𝑝2

𝑝2
𝑡1

= 

(𝑝2 − 𝑝1)(𝑞1 − 𝑝2){(2𝑝2 + 𝑝1)𝑞1 − 5𝑝2
2 + 2𝑝1𝑝2}

6(𝑞1 − 2𝑝2 + 𝑝1)
2

(𝑝2 − 𝑝1)(𝑞1 − 𝑝2)
2(𝑞1 − 2𝑝2 + 𝑝1)

+
(𝑝3 − 𝑝2)(𝑞3 − 𝑝2)
2(𝑞3 − 2𝑝2 + 𝑝3)

+ 

(𝑝3 − 𝑝2)(𝑞3 − 𝑝2){(2𝑝2 + 𝑝3)𝑞3 − 5𝑝2
2 + 2𝑝3𝑝2}

6(𝑞3 − 2𝑝2 + 𝑝3)
2

(𝑝2 − 𝑝1)(𝑞1 − 𝑝2)
2(𝑞1 − 2𝑝2 + 𝑝1)

+
(𝑝3 − 𝑝2)(𝑞3 − 𝑝2)
2(𝑞3 − 2𝑝2 + 𝑝3)

 

where, 𝑡1=
𝑝2
2−𝑝1𝑞1

2𝑝2−𝑝1−𝑞1
  and 𝑡2= 

𝑝3𝑞3−𝑝2
2

𝑝3+𝑞3−2𝑝2
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5. PROBABILITY DISTRIBUTIONS ARE IN USE  

5.1 Uniform Distribution 

A random variable X distributed continuously in the interval [𝑎, 𝑏]  follows uniform 

distribution,𝑋 ∈ 𝑈(𝑎, 𝑏), with the probability density function f(x) 

𝑓(𝑥) = {
1

𝑏 − 𝑎
0   𝑜𝑡ℎ𝑒𝑟𝑖𝑠𝑒

  𝑖𝑓 𝑥 ∈ [𝑎, 𝑏]  

5.2 Normal Distribution 

A random variable X distributed continuously in [−∞,+∞] follows normal distribution, 

denoted by 𝑋 ∈ 𝑁(𝜇, 𝜎2), with parameters  𝜇 (mean) and 𝜎 (standard deviation), with 

probability density function f(x) 

𝑓(𝑥) =
1

√2𝜋𝜎
 𝑒𝑥𝑝 [

−1

2𝜎2
(𝑥 − 𝜇)2] ; −∞ < 𝑥, 𝜇 < ∞, 𝜎 > 0.  

6. GENERATING RANDOM NUMBERS  

For different types of probability distributions, the random numbers can be generated in 

several ways in stochastic simulation (Jana  and Biswal (2004), Jana and  Biswal (2004)). 

The C programming code to generate the random numbers in [0, RAND−MAX] is 

⋕ 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 < 𝑠𝑡𝑑𝑙𝑖𝑏. ℎ > 

𝑖𝑛𝑡 𝑟𝑎𝑛𝑑(𝑣𝑜𝑖𝑑). 

The RAND_MAX is included in library. The flowchart for generating the randon number 

for uniform distribution is given in Figure 4. 
 

The random number denoted by 𝑁(𝜇, 𝜎2)  for the 𝑁(𝜇, 𝜎2)normal random variable, can 

be generated in the interval [𝜇 − 𝜎, 𝜇 + 𝜎]. The flowchart is given below.  
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Figure 4. Flowchart for generating random 

number using uniform distribution 

 

Figure 5. Flowchart for generating random number 

using normal distribution 

 

 

7. PROBLEM FORMULATION 

To formulate the problem, we choose an n-stage series-parallel reliable system consisting 

of n subsystems.  The subsystems are connected in series. The j-th subsystem is the 

parallel system of 𝑦𝑗 number of identical components (Figure 6) Mahato and Bhunia 

(2016). Assuming the reliability of each component as precisely fixed, we get the precise 

system reliability 𝑆𝑅(y) as  

𝑆𝑅(𝑦) = ∏[1 − (1 − 𝑝𝑗)
𝑦𝑗]

𝑛

𝑗=1

 

We desire to find the maximum possible value the system reliability with due 

consideration of the resource constraints. Sometimes, constraints are probabilistic in 

nature. Such type of constraints is called the chance constraints. For such situations, the 

constraints are assumed as random events. 
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Figure 6. Series-Parallel system 

Then, the reliability-redundancy allocation problem involving chance constraints for this 

series-parallel system with m number of resource constraints becomes a non-linear pure 

integer programming problem and can be formulated as follows:  

7.1 The Crisp-Stochastic Model  

If all the parameters are assumed to be precise, then the crisp-stochastic model can be 

formulated as: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑆𝑅(𝑦) =∏[1 − (1 − 𝑝𝑗)
𝑦𝑗]

𝑛

𝑗=1

 
(1) 

subject to 

𝑃(ℎ𝑖(𝑦) ≤ 𝑡𝑖 ≥ 1 − 𝛾𝑖 , 𝑖 = 1,2, … ,𝑚 

and 𝑙𝑗 ≤ 𝑦𝑗 ≤ 𝑢𝑗 , 𝑗 = 1,2, … , 𝑛 

and are non-negative integers. 

7.2 Fuzzy-Stochastic Model 

If the reliabilities of components along with the coefficients in the constraints in problem 

(1) are fuzzy numbers, then the chance constrained fuzzy-stochastic reliability 

optimization problem becomes   

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 �̃�𝑅(𝑦) =∏[1 − (1 − 𝑝𝑗)
𝑦𝑗]

𝑛

𝑗=1

 
(2) 

subject to 

𝑃(ℎ̃𝑖(𝑦) ≤ �̃�𝑖 ≥ 1 − 𝛾𝑖 , 𝑖 = 1,2, … ,𝑚 

and 𝑙𝑗 ≤ 𝑦𝑗 ≤ 𝑢𝑗 , 𝑗 = 1,2, … , 𝑛 
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and are non-negative integers. 

where 𝑝𝑗, 𝑗 = 1,2, … , 𝑛 and �̃�𝑖  , 𝑖 = 1,2, … ,𝑚 are fuzzy numbers  in nature. 

7.3 Intuitionistic Fuzzy-Stochastic Model 

Here, the intuitionistic fuzzy-stochastic model is formulated. In this model, we have the 

components reliabilities and the parameters involved to be intuitionistic fuzzy in nature.  

The available resources in the problem are also intuitionistic fuzzy numbers. In this 

approach, the problem takes the form: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 �̂�𝑅(𝑦) =∏[1 − (1 − �̂�𝑗)
𝑦𝑗]

𝑛

𝑗=1

 
(3) 

subject to 

𝑃(ℎ̂𝑖(𝑦) ≤ �̂�𝑖 ≥ 1 − 𝛾𝑖 , 𝑖 = 1,2, … ,𝑚 

and 𝑙𝑗 ≤ 𝑦𝑗 ≤ 𝑢𝑗 , 𝑗 = 1,2, … , 𝑛 

and are non-negative integers. 

where �̂�𝑗, 𝑗 = 1,2, … , 𝑛 and �̂�𝑖 , 𝑖 = 1,2, … ,𝑚 are intuitionistic  fuzzy numbers  in nature. 

7.4 Crispified Fuzzy-Stochastic Model 

To solve the intuitionistic fuzzy- stochastic model we used the crispification method of 

COA to reduce it to the crispified model. It is given below: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝐹𝑐𝑟(�̃�𝑅(𝑦)) =∏[1 − (1 − 𝐹𝑐𝑟(𝑝𝑗))
𝑦𝑗]

𝑛

𝑗=1

 
(4) 

subject to         

𝑃 (𝐹𝑐𝑟 (ℎ̃𝑖(𝑦)) ≤ 𝐹𝑐𝑟(�̃�𝑖)) ≥ 1 − 𝛾𝑖 , 𝑖 = 1,2, … ,𝑚  

and 𝑙𝑗 ≤ 𝑦𝑗 ≤ 𝑢𝑗 , 𝑗 = 1,2, … , 𝑛 

 

7.5 Crispified Intuitionistic Fuzzy-Stochastic Model 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝐼𝐹𝑐𝑟(�̂�𝑅(𝑦)) = ∏[1 − (1 − 𝐼𝐹𝑐𝑟(�̂�𝑗))
𝑦𝑗]             

𝑛

𝑗=1

 
(5) 

subject to 

𝑃 (𝐼𝐹𝑐𝑟 (ℎ̂𝑖(𝑦)) ≤ 𝐹𝑐𝑟(�̂�𝑖)) ≥ 1 − 𝛾𝑖 , 𝑖 = 1,2, … ,𝑚  

and 𝑙𝑗 ≤ 𝑦𝑗 ≤ 𝑢𝑗 , 𝑗 = 1,2, … , 𝑛 

and are non-negative integers. 

 

8. STOCHASTIC SIMULATION AND CONSTRAINTS HANDLING 
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For solving optimization problem with chance constraints using stochastic simulation 

initially the stochastic constraints are transformed into the equivalent deterministic forms 

commensurate with the confidence level. Considering the chance constraints in the 

following form: 

P(hi(y, u) ≤ ti) ≥ 1 − γi ,   0 < γi < 1, i = 1,2, … ,m 

𝑢 = (𝑢1, 𝑢2, … , 𝑢𝑛)being the n-dimensional vector. To estimate the chance constraints 

for known x we used Monte Carlo simulation technique (Rubinstein (1981)). The V 

numbers of independent vectors generated by using known probability distributions can 

be assumed as 

𝑢(𝑘) = (𝑢1
(𝑘), 𝑢2

(𝑘), … , 𝑢𝑛
(𝑘)), 𝑘 = 1,2, … , 𝑉 

Let, 𝑉𝑖
′(𝑖 = 1,2, … ,𝑚) denotes the number of successful occurrences satisfying the 

constraintsℎ𝑖(𝑦, 𝑢
(𝑘)) ≤ 𝑡𝑖(𝑖 = 1,2, … ,𝑚) .According to the probability definition we 

get 

𝑉𝑖
′

𝑉
≥ 1 − 𝛾𝑖  , 𝑖 = 1,2, … ,𝑚 

(6) 

The solution is feasible, provided condition (6) is satisfied for all i(i=1,2,…,m). To 

calculate the value of  
𝑉𝑖
′

𝑉
  using the given chance constraints, the flowchart describes the 

procedures.
 

 
Figure 7. Flowchart for stochastic simulation 

 

The optimization problems (1)-(5) formulated here, are constrained optimization 

problems. Moreover, these are non linear integer programming problems. To solve the 
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reliability optimization problem few methods (Miettinen et al. (2003)) have been 

projected to tackle the constraints through genetic algorithms. The researchers like, 

Gupta et al. (2009), Bhunia et al. (2010) and Mahato and Bhunia (2016) have studied 

several reliability optimization problems with the help of Big-M penalty technique. In 

the said technique, the specified constrained optimization problem is transferred into an 

unconstrained optimization problem by penalizing a large number (minimization case) 

say, M and this penalty is termed as Big-M penalty. In this work, the Big-M penalty 

method is utilized.    

9. GENETIC ALGORITHMS 

The following flowchart (Figure: 8) describes the different steps of genetic algorithm 

(Goldberg (1989), Holland (1975)). At the initial stage, GA requires the initialization of 

the population of solutions. If 𝑥1, 𝑥2, … , 𝑥𝑛(𝑥𝑗  𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, 𝑗 = 1,2, … , 𝑛) be the decision 

variables of the optimization problem to be solved, then each chromosome can be 

expressed as 𝑋𝑃 = (𝑥1, 𝑥2, … , 𝑥𝑛), 𝑃 = 1,2, … , 𝑝𝑠. In the present research area the integer 

values of decision variable 𝑥𝑗  , 𝑗 = 1,2, … , 𝑛
 

be initialized uniformly in between 

𝑙𝑗   𝑎𝑛𝑑 𝑢𝑗(𝑗 = 1,2, . . , 𝑛).  For choosing a random number of integer type there are so 

many procedures in the literature. In this work, we have used the algorithm noted below 

for choosing an integer number randomly. The random integer 𝑛3 in [𝑛1, 𝑛2] can be 

computed as either 𝑛3 = 𝑛1 + 𝑛4 or, 𝑛3 = 𝑛2 − 𝑛4,  re 𝑛4  being a random integer in [1, 

|𝑛1 − 𝑛2|]
 
. 

To take care of the chance constraints with known degree of significance stochastic 

simulation technique is used. As the fitness function is the objective function, it is very 

much important in GA and it is equivalent to the natural evolution process in the 

biological and physical environments. The fitness function has the chromosomes as 

arguments. 

The selection operator which is considered to be the first operator in non natural genetics 

performs an attractive role in GA. Such type of selection process basically depends on 

the Darwin’s principle, an well known theory on natural evolution “survival of the 

fittest”. In this process the main goal is to select the above average 

individuals/chromosomes from the population according to the fitness value of each 

chromosome and eradicate the remaining of the individuals/chromosomes. To implement 

the selection process we have used several methods. In this research area, we have used 

the effective tournament selection with affordable size two.  

The exploration as well as exploitation of the solution space can be made possible by 

transferring genetic data of the current chromosomes. Other genetic operators, like 

crossover and mutation are applied after the selection process for the resulting 

chromosomes those are survived. The operator Crossover creates new 

individuals/chromosomes (offspring) after combining the features of both parent 

solutions.  At single time it works on two or more parent solutions and produces offspring 

for the next generation. In this research work, for the integer variables, we have used 

intermediate crossover. 
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To introduce the random variations into the population is the main target of mutation 

operator and is used to prevent the search process from converging to the local optima. 

Such type of operator helps to get back the information, have lost in earlier generations 

and of course is responsible for fine tuning capabilities of the system and is applied to a 

single individual only. Generally, its rate is very low; since otherwise it would overcome 

the sequence building being generated through the selection and crossover operations. In 

this research work, for the integer variables, we have used one-neighborhood mutation. 

 

Figure 8. Flowchart for genetic algorithm 
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10. NUMERICAL EXAMPLES 

We consider a numerical experiment taking n=4, m=2 in different environments. The 

problem under consideration is solved using the methodology and also the performance 

is tested for the proposed algorithm. The crisp model of the example is given below and 

the data are taken from Table 2.  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 �̂�𝑅(𝑦) =∏[1 − (1 − 𝑝𝑗)
𝑦𝑗]

4

𝑗=1

 

(10) 

subject to 

𝑃(∑𝑎𝑖𝑗

4

𝑗=1

𝑦𝑗 ≤ 𝑡𝑖 ≥ 1 − 𝛾𝑖 , 𝑖 = 1,2 

and 1 ≤ 𝑦𝑗 ≤ 10 , 𝑗 = 1,2, … ,4 

Table 1. Input data for crisp-stochastic model 

j 1 2 3 4 Available 

resource 
𝛾𝑖 

𝑝𝑗 0.75 0.80 0.75 0.85 

𝑎1𝑗  1.5 3.3 3.2 4.4 𝑡1 55 0.10 

𝑎2𝑗  4.0 5.0 7.0 9.0 𝑡2 125 0.15 

  

The fuzzy -stochastic form of the assigned problem becomes 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 �̃�𝑅(𝑦) =∏[1 − (1 − 𝑝𝑗)
𝑦𝑗]

4

𝑗=1

 

(11) 

subject to 

𝑃(∑�̃�𝑖𝑗

4

𝑗=1

𝑦𝑗 ≤ �̃�𝑖 ≥ 1 − 𝛾𝑖 , 𝑖 = 1,2 

and 1 ≤ 𝑦𝑗 ≤ 10 , 𝑗 = 1,2, … ,4 

Table 2. Input data for fuzzy-stochastic model 

j 1 2 3 4 Available 

resource 

𝛾𝑖 

𝑝𝑗 (0.73,0.74,0.

76) 

(0.78,0.79,0.

82) 

(0.69,0.75,0

.8) 

(0.82,0.83,0.

86) 

𝑎1𝑗  
(1.2,1.3,1.6) (3.1,3.2,3.4) (3.1,3.3,3.4) (4.2,4.3,4.6) 

𝑡1 
  (52,53,56) 

0.1

0 

𝑎2𝑗  
(3.9,4.2,4.4) (4.9,5.2,5.4) (6.9,7.2,7.4) (8.9,9.2,9.4) 

𝑡2 (122,124,1

28) 

0.1

5 

  

The intuitionistic fuzzy-stochastic form of the problem becomes 
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𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 �̂�𝑅(𝑦) =∏[1 − (1 − �̂�𝑗)
𝑦𝑗]

4

𝑗=1

 

(12) 

subject to 

𝑃(∑�̂�𝑖𝑗

4

𝑗=1

𝑦𝑗 ≤ �̂�𝑖 ≥ 1 − 𝛾𝑖 , 𝑖 = 1,2 

The input data for this model are given in Table-2.The crispified problem obtained from 

the intuitionistic fuzzy form is solved taking the input data from Table 3 which is 

obtained from the Table 2 after crispification using COA method of crispification of 

TIFN. 

Table 3. Input data for intuitionistic fuzzy-stochastic model 

j 1 2 3 4 Available 

resource 

𝛾𝑖 

�̂�𝑗 
(0.73,0.74, 

0.76;  

 0.72,0.74,0.78) 

(0.78, 

0.79, 0.82;  

0.77, 0.79, 

0.83) 

(0.69, 

0.75,0.8; 

0.65, 0.75, 

0.81) 

(0.82, 0.83, 

0.86; 

0.81,0.83, 

0.87) 

�̃�1𝑗  
(1.2, 1.3, 1.6; 

1.0, 1.3, 1.7) 

(3.1, 3.2, 

3.4; 

3.0, 3.2, 

3.5 ) 

(3.1, 3.3, 

3.4; 

3.0, 3.3, 

3.6) 

(4.2, 4.3, 4.6; 

4.1, 4.3, 4.7) 
�̂�1 

(52, 53, 

56; 

50, 53, 

58) 

0.10 

�̃�2𝑗  
(3.9, 4.2, 4.4; 

3.8, 4.2, 4.6) 

(4.9, 5.2, 

5.4; 

4.8, 5.2, 

5.6) 

(6.9, 7.2, 

7.4; 

6.8, 7.2, 

7.6) 

(8.9, 9.2, 9.4; 

8.8, 9.2, 9.6) 
�̂�2 

(123, 

124, 126; 

122, 124, 

128) 

0.15 

 

Table 4. Output results 

Model y 𝑆∗𝑅(𝑦) 

Crisp-stochastic  (5, 4, 5, 4) 0.995317 

Fuzzy- stochastic (5, 4, 5, 4) 0.995429 

Intuitionistic fuzzy-stochastic  (5, 4, 5, 4) 0.995238 

  

11. RESULT ANALYSIS AND SENSITIVITY STUDIES 

We solved the three models with the data set given in Table 1-3 corresponding to the 

three models developed here. The optimal values of these models are given in Table 4 

from which it is clear that all the three models have same redundancy allocations with 

slightly different system reliability in optimal level. However, in the fuzzy case we see 

the best outcome. The system reliability for the intuitionistic case is lesser due to the 

reason of more uncertainty or impreciseness and this output is actually the middle vertex 

of the intuitionistic fuzzy value having the triangular membership and non membership 

functions. To find the optimum system reliability we considered 30 independent runs. 
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The sensitivities of the GA parameters are studied and the graphs are presented. It is 

observed that the results are stable for a wide range of the values of the parameters.  

 

Figure 9. Population Size vs. System Reliability 

 

Figure 10. Maximum Generation vs. System Reliability 

 

The sensitivity studies of the system reliability corresponding to the GA parameters are 

performed are given in Figures (9)-(12). 
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From Fig-5 it is observed that the system reliability is maximum at the point (5, 4, 5, 4) 

for the given reliability components for the wide range of variation of population size 

from 75 to 300. From Fig- 6 we can see that the system reliability is stable at its optimal 

value for the variation of maximum number of generation 25 to 200. The system 

reliability is also optimum and stable w.r.t. the probability of crossover and mutation and 

can be viewed in figures (7) & (8) respectively. 

 
Figure 11. Probability of Crossover vs. System Reliability 

 
Figure 12. Probability of Mutation vs. System Reliability 
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The real coded genetic algorithm based on stochastic simulation due to Monte Carlo is 

applied to solve the proposed problem. The genetic operators utilized here are, 

tournamenting selection operator, intermediate crossover operator and one neighborhood 

mutation operator. For coding of the problem we used C language in a PC having Intel 

Core-i3 processor and the environment is windows. We performed thirty independent 

runs for each problem to find out the best system reliability. The genetic parameters are 

taken to assume the values as  popsize=100, maxgen=50, pcros=0.85 and pmute=0.15.  

12. CONCLUSIONS 

Here we use simulation based Genetic Algorithm (GA) to solve chance constrained 

redundancy allocation problem considering imprecise component reliabilities in the 

forms of fuzzy and intuitionistic fuzzy numbers. Monte Carlo simulation technique is 

employed to convert the chance constraints to its equivalent deterministic form.  Using 

Big-M penalty method, the constrained non-linear pure integer programming problem is 

transformed into equivalent problem of unconstrained type. We implemented the Real 

Coded Genetic Algorithm (RCGA) to solve this problem. In this RCGA, the selection is 

tournament type, crossover is intermediate and mutation is one-neighborhood for integer 

variables. It is observed to perform well in applying the simulation based GA technique 

with Big-M penalty operation. The convergence is reached with very low effort and 

stability of the solution is seen for wide range of values of the GA parameters. The fuzzy 

model gives the best system reliability; though the intuitionistic model gives better result 

than the crisp model.  

For further research, the proposed methodology can be utilized to solve optimization 

problems. The concept of the genetic algorithm based on stochastic simulation can also 

be implemented in solving the optimization problems arising in the areas of management 

sciences, operational research and engineering designs. The studies of comparative 

outcomes in different areas of optimization problems can be studied under several types 

of uncertainties. Further, several other evolutionary techniques may be implemented to 

solve these types of problems with uncertainties.  
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