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Abstract The paper aims to develop an idea of some inducing operators, namely induced
intuitionistic fuzzy Einstein hybrid averaging operator, induced intuitionistic fuzzy
Einstein hybrid geometric operator, induced generalized intuitionistic fuzzy Einstein
hybrid averaging operator and induced generalized intuitionistic fuzzy Einstein hybrid
geometric operator along with their wanted structure properties such as, monotonicity,
idempotency and boundedness. The proposed operators are competent and able to reflect
the complex attitudinal character of the decision maker by using order inducing variables
and deliver more information to experts for decision-making. To show the legitimacy,
practicality and effectiveness of the new operators, the proposed operators have been
applied to decision making problems.
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1. Introduction

Multi-attribute decision-making play an importance acts and role in much area our daily
such as management, medical, engineering, business and economics. Commonly, it has
been recognized and assumed that the data and information which touch the alternatives
in form of criteria and weight are articulated in real numbers. However due to the
complication of the system time-by-time, it is not easy to an expert to make a correct
decision, as most of the model value during the process of decision-making filled with
uncertainty. Thus in decision-making process, the decision and verdict information and
data is mostly and often incomplete, indeterminate and inconsistent information.
Therefore, firstly developed and familiarize the concept fuzzy set (FS)
which is more powerful and controlling to process fuzzy information in our daily life
problems. However, there are some problems in this approach and tactic, because it has
only element and member called membership function. To control and cover the above
limitations, and familiarized the idea of intuitionistic
fuzzy set (IFS) by adding and including a new element called non-membership function.
Intuitionistic fuzzy set is the more suitable method and ways for the controlling and
managing of those problems and difficulties which occur in the form of fuzzy set. After
the development of intuitionistic fuzzy set several researchers, such as
introduced the notion of some averaging and geometric operators.
generalized intuitionistic fuzzy soft power aggregation operators.

presented the possibility measure of interval-valued intuitionistic fuzzy set.

developed models for MAGDM problem. introduced the idea of
prioritized operators for I\VIFNSs. introduced the idea of
interval-valued intuitionistic fuzzy numbers. introduced the idea of
induced aggregation operators. introduced the notion of some generalized
intuitionistic fuzzy geometric operators. introduced the notion of
similarity measures for intuitionistic fuzzy values. introduced the notion of
some generalized ordered weighted averaging operators. and and

developed the maximizing deviation method, GRA method and gray

relational analysis method for IFSs. explore the notion of Minimum
deviation models. developed the notion of correlation coefficient to
IVIFNSs. find distances between intuitionistic fuzzy sets.

developed some aspects of intuitionistic fuzzy sets. and
introduced the concept of weighted correlation coefficient and fuzzy cross entropy for
IVIFSs. and introduced the idea of generalized intuitionistic
fuzzy interactive geometric interaction operators and Intuitionistic fuzzy Hamacher
aggregation operators with entropy weight and their applications.

and introduced the idea of power geometric aggregation
operators and a novel correlation coefficient of intuitionistic fuzzy sets.

introduced the idea of some generalized geometric aggregation operators for

complex intuitionistic fuzzy sets. and presented the idea
of some geometric and arithmetic operators using algebraic rules, namely intuitionstic
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fuzzy hybrid averaging operator, intuitionstic fuzzy weighted averaging operator,
intuitionstic fuzzy ordered weighted averaging operator, intuitionstic fuzzy hybrid
geometric operator, intuitionstic fuzzy ordered weighted geometric operator, intuitionstic
fuzzy weighted geometric operator, respectively along with their wanted properties and
also applied these on multi-attributes group decision making problems in daily life to
select the best alternative from all under consideration alternatives. Einstein product and
sum are the batter ways from the algebraic laws. familiarized the notion of
intuitionstic fuzzy power operators and their application. and
presented the concept of Einstein operators namely, intuitionistic
fuzzy Einstein weighted geometric operator, intuitionistic fuzzy Einstein ordered
weighted geometric operator, intuitionistic fuzzy Einstein weighted averaging operator,
intuitionistic fuzzy Einstein ordered weighted averaging operator and utilized these
operators to MAGDM problems. After the developing of Einstein operators,
generalized them and presented the idea of intuitionistic fuzzy Einstein
hybrid averaging operator, intuitionistic fuzzy Einstein hybrid geometric operator.
familiarized the idea of generalized intuitionistic fuzzy weighted averaging
operator, generalized intuitionistic fuzzy ordered weighted averaging operator,
generalized intuitionistic fuzzy hybrid averaging operator, generalized interval-valued
intuitionistic fuzzy weighted averaging operator, generalized interval-valued
intuitionistic fuzzy ordered weighted averaging operator, generalized interval-valued

intuitionistic fuzzy hybrid averaging operator. and and
and introduced the notion of some new type’s methods and
utilized them to group decision making. and

introduced some generalized intuitionistic fuzzy Einstein hybrid aggregation Operators
and confidence levels and their application to group decision making problems.

introduced the notion of induced generalized interval-valued intuitionistic
fuzzy Einstein operator and applied them on group decision making problem.

Motivated from (37), in which the authors used some algebraic operational laws and
develop some algebraic operators for intuitionistic fuzzy values such as, induced
intuitionistic fuzzy hybrid averaging operator, induced intuitionistic fuzzy hybrid
geometric operator. But Einstein product and sum are the best ways from the algebraic
operational laws. Therefore, in this paper we utilize the Einstein sum and product and
propose some new methods such as, induced intuitionistic fuzzy Einstein hybrid
averaging operator, induced intuitionistic fuzzy Einstein hybrid geometric operator,
induced generalized intuitionistic fuzzy Einstein hybrid averaging operator, induced
generalized intuitionistic fuzzy Einstein hybrid geometric operator. The new operators
are competent to reflect the complex attitudinal character of the decision maker with the
help of inducing variables and provide more information to decision maker. The
proposed methods provide more general, more accurate and precise results are
comparing to their existing methods. Therefore, these methods play a vital role in real
world problems.
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The rest of the paper is structured as follows. Section two, contains some basic results.
Section three, contains new methods, such as induced intuitionistic fuzzy Einstein hybrid
averaging operator, induced intuitionistic fuzzy Einstein hybrid geometric operator,
induced generalized intuitionistic fuzzy Einstein hybrid averaging operator and induced
generalized intuitionistic fuzzy Einstein hybrid geometric operator. Section four,
contains multi-attributes group decision making problem. Section five, contains
numerical example. Section six, contains conclusion.

2. Preliminaries

In this section, we present fuzzy set, intuitionistic fuzzy set, score function, accuracy
function, some Einstein operational laws, induced intuitionistic fuzzy hybrid averaging
operator and induced intuitionistic fuzzy hybrid geometric operator.

Definition 1: [1] Let Z be a general set, then FS can be defined as:

F:{<z,§,:(z)>|262} (1)

where &g (z):Z —[0,1] called membership function.

Definition 2: [2, 3] Let Z be a general set, then intuitionistic fuzzy set can be defined as:

1={(z.61(2).x1 (2)) 122} )
where &p(z):Z—>[01] , xp(z):Z—[01 with 0<¢(z)+x(z)<LvVzeZ. Let
71 (2)=1-& ()~ (z) then z; (z) is called the degree of indeterminacy.

Definition 3: [31] Let % =(&g,xy) be an intuitionistic fuzzy value, then the score
function and accuracy function of R can be defined as: S(R)=<&y—«y and

H(R) =&y +xg; respectively.

Definition 4: [31] Let®; Z(é:ml,l('ml) and R, :(AfmZ,Kst) be the two IFVs, then

1. If S(m2)>8(le), then R <Ry
2. If S(Ry)=S(Ry), then
1. If H(fRz):H(le), then, R =Ny
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2. If H(m2)<H(iRl), then Ny =Ny

Definition 5: [31] Let<uj,iRj>(j ~1,2) be a family of 2-tuples and > 0, then

Smy +om K KR
R (_ng — 1 2 1 1 2 3
! 2 <1+§mlfm2 1+(1—Kml)(l—xm2)> @)
Sy S, Ky + K9,
Ry ®, Ry = , 4
s <1+<1—§m1><1—sm2> ®
W:< 2(én) 07(1+’<m)0—(1—’<m)6> ©
(2-&n)” +(&nr)” (L+aw)” +(1-xn)
G(ER):<(1+§§R)O—_(1_§§R)O_’ 2(’2.R) 0_> (6)
(1+&n)” +(1-8r)” (2-xn)” +(xn)

Definition6: [37] The induced intuitionistic fuzzy hybrid averaging operator can be
defined as:

n Sj n Sj
|-|FHA6,3((ul,sm),(uz,s}az),...,<un,Jan>):<1—Jr[(l—g%(j)J ,jr:[l[x%(j)] > (7

Where 9'%5(1-) be the weighted intuitionistic fuzzy value fi{j(ﬂ'?j =najiRj,j:1,...,n)ofthe

IFOWA pair<uj,i}{j>having the jth largest ujin <uj,iRj>. 3:(31,...,3n)T be the

associated vector of induced intuitionistic fuzzy hybrid averaging operator with

Definition 7: [37] The induced intuitionistic fuzzy hybrid geometric operator can be
defined as:

HFHG, 4 (U R,), (Uy, Ry ) e (U, R, )) = <1j(§j‘0‘11) )3' ’1_111(1_ Kty )31' > (8)
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where st 5 ;) is the weighted intuitionistic fuzzy value 5t; (‘J'%j =(*Rj)naj ,j=1,2,...,n] of
the intuitionistic fuzzy ordered weighted geometric pair <uj ,SRJ-> having the jth largest

uj in (uj,9%;). I=(31,..3,)" be the associated vector of I-IFHG operator with

Jje(0]] andz Jj=1.0= (al,...,an)T be the weighted vector with 8;€[0,1] and
j=1

261_1
j=1

3. Some induced Einstein hybrid aggregation operators

Definition 8: The induced intuitionistic fuzzy Einstein hybrid averaging operator can be
stated as:

~. ~. ~

n ST Jj n 3j
s ﬂ(“‘f‘w )]3- El(l et )L 2}1{’?5(1)] o
111(“%(,-)] Jﬂ(l Gy ) ,-r_ll[z"‘f%(n] J+jr_[1(’“*ifa<j)] |

where *J'?(;(j) is the weighted intuitionistic fuzzy value *J'fij(*j%j :néj‘Rj,jzl,...,n) of
the intuitionistic fuzzy ordered weighted averaging (IFOWA) pair <uj,9{j> having the
jth largest uj,uj in <uj,iRj> is the order inducing variable and 9t is the

intuitionistic fuzzy argument variable, 3 :(31,...,3n)T be the associated vector of |-

IFEHA operator with 5 €[0,1] and z\s] =1.0= (al,...,an)T be the weighted vector
j=1

with 0 [0,1]and Zlaj =1
j

Theorem 1: Let <uj,‘Rj>(j =1,2,3) be a family of 2-tuples, and & >0, then

1. R ORy =Ry ORy
2. R ORy =Ry, @Ry
3. (RO R) O R3 =R D (R, ®R3)
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(931@9?2)@913 =§Rl®(‘.‘R2 ®9?3)
0'(9?1@932):(7‘31@0‘32

(R ®R,)7 =(R)” ®(R2)7

Theorem 2: Let<uj ,ﬂa’j>(j ~1,2,3) be a family of 2-tuples, and o, then

1.

(%) U(R2)* = (R N%R2)°

(%)° N(R2)° =(FaRp)°
(MUR2)NRy =R,

(iRl n‘ﬁz)U‘Rz =Ry

()] = (o

o)

Theorem 3: Let (uj,9%;)(j=123) beafamily of 2-tuples, then

1.

6.

(FUR2) (R NR) =R O Ry
(FUR2) ® (R N%Ry) =Ry © Ry
(RUR2) N R3 = (R N R3)U(R2 N9R3)
(%1 N2 )Ug = (I UR3) N(%R2UNR3)
(TR ) ® Rg = (9 ® Rg)U(R, ® Rg)

(R NR2) ® Ry = (% ©R3) N (N2 ©Ry)

21

Theorem 4: Let <uj,ﬂ%j>(j =1,2,...,n) be a family of 2-tuples, then their aggregated

value by using the induced intuitionistic fuzzy Einstein hybrid averaging (I-IFEHA)
operator is also intuitionistic fuzzy value, and

© 2020 The Authors.
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~. ~. ~.

n Sjion Sj n Jj
Afesn e o)

e, S{(o) - an)- ,:1 a(1) . ,:1 a(1) - j=1 :sf“:] | 10)
,-r_ll[l“ff“m)j *}?1[1%(,-)] El(z”f'“wj ﬂ[’“ﬁ‘amj

Proof: By mathematical induction. For n=2

~ ~

(1+§3R1 )‘)1 7(17"&9'?1 ) ' 2( Ky )31

(1+§‘J'?1 )31 +(1_59'?1 )31 | (Z_K‘R )Wl +(’(9'%1 )

31<U1,§R1> = 2

3

(1“53"*2 )52 7(1759*2 ) j 2(%2 )32

N e AN

32<U2,§Rz>=

Thus
i o )
HFEHAD 5 (40,90, (2 %2)) }3( *5(j) . ,1} () - El[':‘jﬁ(jl ;
E[M‘i‘ﬁmj +§1[1‘5‘i‘5(1)J El(z‘K“‘s(J>j *EI"E‘*&(]))

The given result is true for n=2, so it is true forn=k.

k Si k Jj k Jj
1+ ~TI| 1-4; 2 ;
s S ,Hl[ i) ,“1[ Gy }1(’““5(1)]
-IFEHA, 5 (U, By),.... (ug, Ry )) = ; ST ST ST 5
WG . =& . 2-Kgy . R s
,H( g ,Hl[ S JHl( i ﬂ-[ll("“a(n)
If the given result is true for n=k, then it is true forn=k +1
k . Sj Kk . 3J ) Kk Sj
,H( ) ,Hl[ ) ,-r_ll["”‘m)J
FIFEHAS, 5 ((u, %1 ), (Uk +1. Rk +1)) = ; Cy 5 ST 5]
}7[“59"5(1)] +}71[1‘5%<nj ,Hl(z o *,-Hl("%m]
k41 Jk+1 Sk+1
(1+§9'?k+1) ' _(1_§‘Rk 1) i Z(Kﬂ?kﬂ) i )
Sk+1 k1 Sk+1 Sk+1
(1+§‘Rk+l) ' +(l_§9'?k+1) ' (Z_Kf‘?ku) ' +("9'?k+1) '
© 2020 The Authors.
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k Sik > Sk+1 Sk+1 Sk+1
%= jl_:ll(“g‘j‘a‘(j)J * _1_:[1(1—59}5(])} 42 :(1+§‘j*k+1) +(1_§‘R§k+1) ’r2:2(K9"k+1)

Now putting these values in equation (11), we have

I I
HIFEHA, ((up, R1),, (Uk 41, Rk41)) = <Zi51> D, <Z§S§>

ehlz) 2
() B )

_ < P92 + P2% i > (12)
Oul2 + PLP2 251Sp —S1fp — 1Sy + Ay

Putting the values of pa, + poty, oo + PyP2, A, 25150 — Sl —FSy + R In equation (12),
we have

kﬁl(lﬂfg'g s() jsj *kﬁl{l—fm 5() j“j Zl(frll(m s(i) ij

= j=1 j=1
HFEHAQ 5 (U1, 1) (Uk 11, Rk41)) = ( - J J

k+1 I k+l 3 k+1 I k+1 Jj
El(l*f‘j‘sm] *,-r_ll[l‘f‘i‘anj HEY ﬂ-ll["“"m)]

=1

Thus the given result is true for n=k +1. Thus equation (10), true for all n .

n
Lemmal: [31] Let %;>0,3;>0(j=12..,n) and Y. 3j=1 then

J:
T E @

where the equality holds if and only if %j(j=12,.,n)=%"

Theorem 5: Let <uj ,mj>(j =12,..,n) be afamily of 2-tuples, then

© 2020 The Authors.
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FIFEHA 55 ((ug, R1), (U2, R ) 1o, (Un, R )) < HIFHAG 5 ((ug, 1), (U, R2), o (Un, R ) (14)

Proof: As

i 1 ¥ i 1 ¥ v 5 1 v 5 1
jl;[l( +§m5(i)} +jr:11[ _5935(])} Els ( +§R5( )j-,—jél\sj( _éﬁﬁ(J)j

Now

n n
Sil1eg, |+ Ii(1-g5 |=2
-Z°‘( +§Ré<1>j+j§1”£ 59‘5(»}

j=1

Hence

n Sj n Jj

]'[(l+§R j + H(l—éj{ ) j <2

j=1 (i) j=1 (i)

Also

n . 3j n . 3 Jj

,-:1(“‘5"“&1)] ‘El[l“f%u)j 2,-“[1 ‘f"“amj n 3
=~ =1- = — Sl—]_[{l—:fm : J (15)

ID[[1+.§( ]\S +IE[[1—§; ]‘SJ ]D[[1+§( J‘S +1E[[17};; ]JJ j=1 o)

ot ey) 40 ) jab en) 40 PG

n 5 Si n 3j n 5 n
— . < <. e < - .
{12y ) o Mg ) 2332w, ) ,—E{‘J(’%(n)

Thus
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(16)
If re equal for all n, then the equality holds. Let
| B 17
And

.Thus

| (29)

Case 2: If|[] and g =, this implies that

“, then we have ]

KSRS

& + Ky = Ejpe + Ky hENCE H (R)=H (i)'%g) . Thus by Definition 4 we have
HIFEHAG 5 (U1, 90), (U2, %), (Un, R )) = HIFHAG 5 ((uy, %), (U2, R2).. (U, %in)) - (20)

Hence from equations (19) and (20), we have
I-IFEHA, 5 (U1, R1),(Up, B2 ), ... (Un, R )) < HIFHA 5 ((Ug, Ry ), (Up, R2),...(Un, Rn))

The proof is completed.

Example 1: Let

© 2020 The Authors.
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(up, %) =(0.30,(0.70,0.20)),(up, R ) = (0.80,(0.60,0.30)),(u3, R3) = (0.70,(0.50,0.50)) and
(et —(050,0a0080) [} W& |then

By ordering with respect to the first element, then we have

(up,%2)=(0.80,(0.60,0.30)),(u3, %3) =(0.70,(0.50,0.50)), (ug, %4) = (0.50,(0.40,0.60)), (g, %1 ) = (0.30,(0.70,0.20))

Hence

Again using the I-IFEHA operator, then we have

Hence

Thus

Theorem 6: Induced intuitionistic fuzzy Einstein hybrid averaging operator satiates the
following properties.
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Idempotency: If

27

:for all j, then

(21)

Proof: As

- for all j, then we have

Boundedness: Le

then

Proof: From the above conditions, we have =]~

then we have

© 2020 The Authors.
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Let

Then equations (23), (24) can be written as:| =]
. Then

| E| | Now there are three conditions.

1. If| ] | and| ] | Then by Definition 4, we have

-|and| ]

© 2020 The Authors.
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| M 26)
2. ~tthen | B i this implies that
and &g =&y hence
H(R) = &g + x4 = SR T Mt = H (R max)- By Definition 4, we have
FIFEHA 5((ug, R1), (U2, R2),...(Un, Rn)) = Rmax 27)
3. If  S(R)=SRmin). then, &;-xy =&y kg . this implies that

&i = é‘ﬁmin and xg; = Koo henc H(R) = Eiy + Ky = é:ihmin +RR = H (R min)-
By Definition 4, we have

FIFEHA, 5 (U, R1), (U2, R2),...(Un, R )) = Riin (28)
Thus from equations (26) to (28) equation (22) always holds.

4, Monotonicity: If<uj ,in’j*>(j =12,..,n) be a family 2-tuples, where % j < %7,

then

HIFEHA, 5 (U3, 930, (U2, 92 ). (U, 1)) < I-IFEHA@S(<u1,ﬂ?i‘>,<u2,ER§>,...,<un,fR;>) (29)

Proof: The proof is similar to above.

Theorem 7: Intuitionistic fuzzy Einstein weighted averaging operator is a specific case
of the induced intuitionistic fuzzy Einstein hybrid averaging operator.

T
Proof: Lets:(%,%,...,%,) , then we have

FEHA 5 ((ug, %), (U2, R2)..... (Un. %)) = Sit5(1) @ I2Rs(2) B - B InHs(n)
1/. 1/. 1/.
= [Faw) @ S 3t02) 2 -2 (on)).

=IFEWA, (R, R2,... %)

Theorem 8: Induced intuitionistic fuzzy Einstein ordered weighted averaging operator
is a specific case of the induced intuitionistic fuzzy Einstein hybrid averaging operator.
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T
Proof: Let 8:(%,%,...,%,) , m5(j):naj9{5(j):m5(j), then
HIFEHA 55 (U, %) (U2, W) o (Un, B0 )) = 310 5(0) @ T 5(2) D - @ T sy

= 31N 5(1) D T2R5(2) g - B InNsa(n)
= -IFEOWA; ((ug, 1), (U2, R2) ..., (Un, R ))

Definition 9: An induced intuitionistic fuzzy Einstein hybrid geometric operator can be
defined as:

IFIFEHG 5, 5 ((u1, %), (u2,%2),....(un. %n)) = = —. —
n

Where Rs(j) Is the weighted intuitionistic fuzzy value ERJ-[‘RJ- =(‘.Rj)n ‘,J=1,2,...,nj

of the intuitionistic fuzzy ordered weighted geometric (IFOWG) pair <uj,*ﬁj> having
the jth largest uj in <uj,ili’j> is the order inducing variable and % is the

intuitionistic fuzzy argument variable, 3=(3,3;...., Sn)T be the weighted vector of |-

n
IFEHG operator with 3 €[0,1] and 3j=1 a:(al,az,...,an)T with 0; €[0,1] and

J_
n
. 5] =1.
j=1
Theorem 9: Let <uj,9%j>(j =1,2,...,n) be a family of 2-tuples, then their aggregated
value by using the I-IFEHG is also a IFV and

n i n i g
ZH[f ) J H[lﬂ(. ) J -T1l% Ky
IFEHG 3, 55 ((ug,9%),(u2,912).....(un, 9 )) = - j=t i‘j‘y(l)n 3.'1;1 (i) 5 1:1( a(i) ,
“[Z—f«n ] sy ) LCEP I
j= e jol o) j=1 ! j=1 J

Proof: The proof follows from Theorem 4.

Theorem 10: Let (uj,%j)(j=12..,n) bea family of 2-tuples, then
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HFHG 5 5 ((ug, %1, (U2, %), oes(Un, %)) < FIFEHG 55 (U, R ), (U2, %), (Un, Rp ) (32)

Proof: The proof follows from Theorem 5.

Example 2:

=(0.80,(0.70,0.20)), %, =(0.50,(0.60,0.30)), 9t = (0.40,(0.50,0.50)),%4 = (0.30,(0.40,0.60))
are four values and o = (0.10,0.20,0.30,0.40)" , 3=(0.10,0.20,0.30,0.40)" , then we have
%y =(0.867,0.085), %, = (0.664,0.248),R3 = (0.435,0.564), 34 = (0.230,0.769) . Hence

<u s 5(1)> - (0.867,0.085), <u 5(2) % 5(2)> - (0.664,0.248),<u 5(3) % 5(3)> -(0.435,0564), <u5( 23t 4)> - (0.230,0.769)

IFIFHG 5 5 ((u1, 1), (U2, R2), (U3, R3), (ug, R4))

- <(O.867)0'10 (0.664)%20 (0.435)%30 (0.230)%40 1- (1-0.085)%10 (1- 0.248)-%0 (1- 0.564)%30 (1 0.769)0'40>

= <(0.867)0'10 (0.664)%20 (0.435)%20 (0.230)249 1 (0.915)%19 (0.752)029 (0.436)°-3C (0.231)0-4°> =(0.393,0.594)

Again using the I-IFEHG geometric operator, then we have

=(0.876,0.080), 9, =(0.673,0.242), 93 = (0.422,0.577), 94 = (0.196,0.803) . Hence

<u5(1),~515(1)> (0876, 0.080),<u5(2),~jz§(2)> - (0.673,0.242),<u5(3),~jz§(3)> - (0422, o.577),<u5(4),sie5(4)> -(0.196,0.803)

Thus

HFEHWG, 5 ((ug, 1), (U2, %2) (U3, R3) (ug, Rg))
2(0.876)*19(0.673)%2°(0.422)*%°(0.196)%4
(2-0.876)"10(2-0.673)%%0(2-0.422)°%(2-0.196)*4* +(0.876)°10(0.673)°2°(0.422)°% (0.196) 4"
(1+0.080)%%0(1+0.242)°2° (1+0.577)%%0(1+0.803)* 4 (1-0.080)* 0 (1-0.242)* % (1-0.577)%3 (1-0.803)*4°
(1+0.080)°%0(1+0.242) 2 (140.577)°%0(1+0.803)> 40+ (1-0.080)* 10 (1-0.242)* % (1-0.577)%30 (1-0.803)4°
2(0.876)>0(0.673)%2°(0.422)*%°(0.196)%4°
(1.124)01 (1.327)°20(1.578)°2(1.804)%4%+(0.876)*°(0.673)"%°(0.422)*%°(0.196)*40

( ) (0673)
(1.080)*10(1.242)%20(1.577)%%0(1.803)°4°~(0.920)*°(0.758)°? (0.423)>*°(0.197)°4°
(1.080)*10(1.242)°20(1.577)°%0(1.803) 40 +(0.920)%°(0.758)°? (0.423)*¥°(0.197)°4°

=(0.404,0.585)

Theorem 11: Intuitionistic fuzzy Einstein weighted geometric operator is a specific case
of the induced intuitionistic fuzzy Einstein hybrid geometric operator.
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Proof: Let S:(%%%)T , then we have

% (a) @2 (o
1 1 1

= ()" (e @2 -5 st

= IFEWG, (R, R2,... M)

HIFEHG 5 5 ((un, %1), (U2, R2), ... {Un, %)) = (9}{5(1))7Sl

Theorem 12: Induced intuitionistic fuzzy Einstein ordered weighted geometric operator
is a specific case of the induced intuitionistic fuzzy Einstein hybrid geometric operator

Proof: Let a:(%,%,...,%)T and 9?{5(j)=(9%5(j))naj =Rs(j). then
T .\ .\
|"FEHG5,S(<U119{1>’<U21m2>1---v<un,9{n>)=(‘R5(1)) l®g(9‘5(2)) ?®, .0, (‘R(S(n)) "

= I-IFEOWG 5 ((up, R1), (U2, R2) ..., (Un, R ) )

Definition 10: The Induced generalized intuitionistic fuzzy Einstein hybrid geometric
(I-GIFEHG) operator can be defined as:
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I-GIFEHG, 5 ((ug, R1), (U2, R2), (U3, R3), ., (Un, R ))

,-li{[z‘”%u)]a+3[’“9*5<1)]0}‘j _ﬁl{[z‘%m]ﬁ‘[’“9"5(1)]6} J}

. . . o (. o .
Where Rs(j) I the weighted intuitionistic fuzzy value ERJ-[‘RJ- =(iﬂj)n Fi=12,.., n)
of the intuitionistic fuzzy ordered weighted geometric (IFOWG) pair <uj,~ﬁj> having

the jth largest uj in <uj,mj>, I=(31,32, Sn)T be the weighted vector of |-

J:
n -
dj=1. And o isareal number greater than zero.
=1

i
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Theorem 13: Let <uj,iRj>(j =1,2,...,n) be a family of 2-tuples, then their aggregated
IFV by using the I-GIFEHG operator can be expressed as:

I-GIFEHG 5, 55 ((ug, %1), (U2, R2),(u3,R3),.... (Un, R ))

1
n o o)3i n o o1 o
- ’ El{[“”&”‘ o) A5) } _El{(“‘fﬂ‘ o) L) }
1
) n o o Sj n , . o o SJ 7
,Hl[ i) o) ,Hl[ SR
T
n o o 3] n o o 3J 7
,Hl{[“"‘ o) ) } ”,—Hl{(z’““ﬁ(nj () }
1
n o o N n o o Jj 7
' El{[z”“‘“ o) ) } _El{[z’% ) sy ) }
Proof: Since
G,g%:<<1+§y>:—<1—sm>: 2(s5)° >
(1+&r)" +(1-&r)" (2-xq) +(xw)
Then
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H\{z [Mj‘&( )]:_[1_5‘“6(1)]: o )
P () s ) ) (180 ) -5

o N c i
e 2[ Ri(l)] _ _15[ L 2[ Ri(l)] _
'1@%M[%d jﬂ@“MJWw]

o ] o ]
il f"j(n] |l { ”‘Z(J)] ;
B [z ) ) () )

an[[l ol [1‘5‘3*5<1>}UT]

Wi

J
Hl[[l ) [”""60)]0] |
So

ﬁ{ {bal o fen] |
j= (1% ] 1%5.]

{ f -
) (% )*Z( Sa J | ((2‘”9‘5<J)]6+(’(‘i‘6<1>}6’2 "‘i‘s(i))ad.

=
—
N
>§
=
=3
=

.
AN
7~ N\
N}
A
=
3
L/
+
/N
A
=
g
L/
'L
7\
N}
A
=
=g
N,
Q
+
/TN
A
=
=g
N
Q

—=
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N}
A
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2
N
Q
+
A
=
2
N
Q
+
N
A
=
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Nl
Q
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N
A
=
=
Nl
Q
A
=
=
Nl
)
)
N
A
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g
N
Q

+
-
NS

.[‘
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N}
A
=
Nl
)
+
N
A
hj'
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q
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2(1 59‘5(1’)]0+2[1 59‘5(1)16 [l 5““5(1’)]6 [l §R5(J)]G +Jlﬂ—[1[[l+§m5(i)r[l hﬁ(l)]g] |
A g ) Al et |
IE[ [2 ’%s(i)]?s[ j‘a(j)]: J_ﬁ [2 ‘Ra(j)}: [’(‘5‘5(1)]2 |
e ) o) | ) )

o o) o o \VJ

[2 “auﬂf[ 9"6(1)1 1 [2 "%(n]g‘[’(”"aJ)l

. [2 "amj [ ﬁsm] o [2’ “5(1] (*5(1))

J
jnl[(l %UJU [1 e:nls(”]a} J i . J +[
i (2"“9“&1)]2*3[’@‘6(1)[ J_ﬁ (2‘ 9‘&1)]:‘[’“%(1)]2 |
BlEECT ] BEIRET
- o\ - o \Ji
fi [2"9‘6@»];3[”‘5‘50)]0 . [ ‘Rsmja [ ‘f‘ﬁ(i)ja
. [Z‘K‘j‘smj +[”9‘6<i)] a [2‘ “"5(1)] (”‘j‘a‘u)]
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Thus
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N
=
LR
——
N
=
oy
=8
[
=
-
=
N——
)
N
T
PAY
x.
-
A =
. =
N———
Q
—
=
N~
q =
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[T R T
s s ] s | r
{ (oo )T o )]

Definition 11: The Induced generalized intuitionistic fuzzy Einstein hybrid averaging (1-
GIFEHA) operator can be defined as follows:
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I-GIFEHA, 5 ((ug, %1), (U2, R2), (U3, R3),.... (Un, R ))

1
n ° AN o a)Vi|°e
i Pl{(zgﬁ*o(j)] o) } J-Hl{(zé‘)‘ o) (Bn) }
-
n - o3I n - o135 e
El{[2_§9‘0<1)) [, } +3E{£2_§%m] {5 }
1

: 'H{(l ( )T+3(1_K‘j‘”(">]arj+‘°’jﬁl{(“"“* ) (s ﬂﬂ %
! 1

[l e[ [

i 1

e s e o] |

§ 1

{J;{@W o) g ‘”T}Jj_ill{[“"“ o) (‘”ﬁ"‘a(')ﬂdj U

where $t ;) is the weighted intuitionistic fuzzy value *J’zj(ﬂ'%j =naj9?j,j:1,2,...,n) of
the intuitionistic fuzzy ordered weighted averaging (IFOWA) pair (uj,9;) having the

jth largest uj in <uj,9%j>, 3:(31,32,,,,,3n)T be the associated vector of I-GIFEHA

n
dje[0l] and Yoj=1. And o isa real number greater than zero.
j=1

5. Application of the Proposed Methods

In this section, a MAGDM approach has been developed to show the applications and
advantages of the new developed methods. For this purpose, we construct and algorithms
and also practical example for the selection of new system of information.
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Algorithms: Let the set of n finite alternatives with p={py, by, b3,...pn} , set of m
criteria/attributes  with ¥ ={¥;,¥, ¥3, . ¥} and the set of k experts with
E={E.Ep . Ec}

Let Sz(Sl,Sz,...,Sn)T be the associated, @:(51,52,...,an)T be the weighted vector and

go:(gol,goz,...,gok)T be weight of decision makers, all have the same conditions that is
belongs to the close interval and their sum is equal to 1.

Step 1: Construct decision-making matrices, E® :[ai(]h)} (h=12,...k) for decision.
mxn

Step 2: If the criteria have two types such as, benefit criteria and cost criteria, then the

interval-valued intuitionistic fuzzy decision-making matrice E® = [aﬁh)} (h=12,..k)
mxn

can be converted into the normalized Pythagorean fuzzy decision-making matrices,
R =Hh)} (h=12,...k) , where

mxn

(h) a&h), for benefit criteria C j [J— :172’__,”]

r.
iJ i=
éigh), for cost criteria Cj, 1=1,2,....m

and aigs) is the complement of aﬁ. If all the criteria have the same type, then there is

no need of normalization.

Step 3: Utilize the proposed aggregation operator to aggregate all the individual

normalized intuitionistic fuzzy decision-making matrices, R" :Hh)} (h=12,..k)
mxn

into a single intuitionistic fuzzy decision-making matrix, R :[rij }m .
X

Step 4: Calculate %jj = nd jRj; .

Step 5: Again utilize the proposed operators to derive the overall preference values, and
then calculate the scores of all preference values

Step 6: That alternative/choice will be consider having the high score function.

6. Ilustrative Example
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Supposing in Abdul Wali Khan University Mardan, the department of computer science
wishes to introduce a new system for information in the university. In the first collection,
only four systems of information (alternatives) b, (m=12,3,4) have been considered for

further process. For the selection of best option three experts from a group to act as

decision makers, and their weight is 50:(0.30,0.30,0.40)T . For the selecting of most
suitable system the experts considered only four criteria, whose weighted vector is

5=(0.10,0.20,0.30,0.40)"

Effort to transform from current systems,

Step 1: Construct decision-making matrices

]
P>
b3

Ps

¥

0.90,(0.60,0.30
0.70,(0.50,0.40

<
<
<
<

0.60,(0.60,0.30)

)
)
)

. ¥1: Prices of instrument, ¥, : Funding of the university, ¥3:

¥, : Outsourcing software developer
reliability, where ¥, ¥3 are cost criteria and ¥,, ¥, benefit criteria.

Table 1. Decision Matrix E1.

¥

0.80,(0.50,0.40)) (0.70,(0.50,0.40))

(0.80,(0.40,0.50))
0)
)

0.50,((0.50,0.40)

(0.60,(0.50,0.3

¥3

<
<
<
<

0.60,(0.60,0.40)
0.50,(0.50,0.3

0.40,(0.50,0.40)

¥,
<
0)
0) {
)

0.60,(0.60,0.30)
0.40,(0.40,0.3

0.30,(0.50,0.40)

0.60,(0.60,0.40)) (0.50,(0.60,0.40))

0
0

)
)
)

¥

<
<
<
<

0.70,(0.60,0.30))
0.80,(0.50,0.30))
0)

)

0.50,(0.40,0.50)

0.60,(0.60,0.3

Table 2. Decision Matrix E2.

¥
0.60,(0.50,0.40))

<
(0.70,(0.60,0.40)
(0.50,(0.60,0.3

<

0))
0))
)

0.40,(0.60,0.20)

¥3
0.50,(0.60,0.30))

<
(0.60,(0.40,0.50)
(0.40,(0.60,0.4

<

0))
0))
)

0.30,(0.40,0.50)

¥4
0.40,(0.60,0.40))

<
(0.50,(0.50,0.30)
(0.30,(0.50,0.3

<

0))
0))
)

0.20,(0.40,0.50)

Table 3. Decision Matrix of E3.

¥

¥3

© 2020 The Authors.

Published by Firouzabad Institute of Higher Education, Firouzabad, Fars, Iran



P2

Ps

]
P2
b3

P4

Some induced generalized Einstein aggregating operators and their application to... 43

(0.60,(0.50,0.40)) (0.50,(0.50,0.40)) (0.40,(0.50,0.40)) (0.30,(0.40,0.40))

(0.70,(0.50,0.3
(0.50,(0.60,0.3

(0.40,(0.60,0.2

0)) (0.60,(0.40,0.30)) (0.50,(0.50,0.30)
0)) (0.40,(0.60,0.30)) (0.30,(0.50,0.40
0)) (0.30,(0.50,0.40)) (0.20,(0.70,0.10)

)
)
)

(0.40,(0.60,0.30))
(0.20,(0.60,0.3)0)

(0.10,(0.60,0.30))

Step 2: Construct normalized decision-making matrices

P2

Ps

¥

(0.80,(0.40,0.5
(0.90,(0.30,0.6
(0.70,(0.40,0.5

(0.60,(0.30,0.6

Table 4. Normalized Decision Matrix R1.

¥, ¥,
0)) (0.70,(0.50,0.40))
0)) (0.80,(0.40,0.50)) (0.70,(0.50,0.40
0)) (0.60,(0.50,0.30)) (0.50,(0.30,0.50

<
) A
) A
)

0)) 0.50,((0.50,0.40)

0.40,(0.40,0.50)

)
)
)

¥4

0.60,(0.40,0.60)) (0.50,(0.60,0.40))

<
(0.60,(0.60,0.30))
(0.40,(0.40,0.30))
< )

0.30,(0.50,0.40)

¥

Table 5. Normalized Decision Matrix R2.

0.50,(0.30,0.60))

¥, ¥3
0.70,(0.30,0.60))  (0.60,(0.50,0.40)) (
0.80,(0.30,0.50)) ~ (0.70,(0.60,0.40)) (0.60,(0.50,0.40
0.60,(0.30,0.50))  (0.50,(0.60,0.30)) (
0.50,(0.50,0.40)) ~ (0.40,(0.60,0.20)) (

)
0.40,(0.40,0.60))  (0:30,(0.50,0.30))
)

0.30,(0.50,0.40)

¥4
(0.40,(0.60,0.40))

(0.50,(0.50,0.30))

(0.20,(0.40,0.50))

Table 6. Normalized Decision Matrix R3.
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¥
(0.60,(0.40,0.50
( 0
(0.50,(0.30,0.60)
<

0.40,(0.20,0.60)

)

0.70,(0.30,0.50)

)
)
)

¥2
0.50,(0.50,0.40))

<

(0.60,(0.40,0.30))
(0.40,(0.60,0.30))
< )

0.30,(0.50,0.40)

¥3

0.40,(0.40,0.50))

0.40,(0.30,0.50))

0.20,(0.10,0.70)

{
{
(0.30,(0.40,0.50)
{

¥4

(0-30,(0.40,040))
(0.40,(0.60,0.30))
(0.20,(0.60,0.3))

(0.10,(0.60,0.30))

P2

P4

Step 3: Utilize the I-IFEWA operator, where g = (0.30,0.30,0.40)T

¥

(0.3716,0.5288)
(0.3000,0.5288)
(0.3308,0.5688)

(0.3263,0.5343)

Table 7. Collective Decision Matrix R.

¥

(0.5000,0.4000)
(0.4657,0.3833)
(0.5717, 0.3000)

(0.5316,0.3277)

¥3
(0.3716,0.5581)
(0.4246,0.4380)

(0.3912,0.5288)

. Then we have

¥4

(0.5262,0.4000)
(0.5416,0.3000)
(0.5512,0.3000)

(0.5717,0.4000)

(0.2861,0.5753)

Step 4: Calculate El'a’ij =ndjRjj, where 6=(0.10,0.20,0.30, 0.40)T . Then we have

W17 =(0.154,0.798), Ry, =(0.415,0.496), R 3 = (0.436,0.466), R4 = (0.733,0.196), 921 =(0.123,0.798)
Rpy =(0.383,0.480), Rp3 = (0.450,0.357),Rpy = (0.748,0.117), 937 =(0.136,0.817), M3, = (0.477,0.399)
R33 = (0.458,0.453), 934 = (0.758,0.117),9 41 = (0.134,0.800), R4, = (0.441,0.427), %43 = (0.339,0.503)

R44 =(0.777,0.196) . Now we calculate the score functions:

S(911)=0.154-0.798 = -644, S (91 ) = 0.415-0.496 = —0.081, S (9% 3 ) = 0.436 — 0.466 = ~0.030, S (%14 ) = 0.733-0.196 = 0.537

S(%p1)=0.123-0.798 =—0.675,S (%20 ) = 0.383—0.480 = -0.097,S (R3) = 0.450 - 0.357 = 0.093,5 (%ip4 ) = 0.748 - 0.117 = 0.631

$(%31)=0.136-0.817 =-0.681, S (R3p) = 0.477-0.399 = 0.078,S (%33 ) = 0.458 - 0.453 = 0.005, S (R34 ) = 0.758 - 0.117 = 0.641
S(%41)=0.134-0.800 =-0.666,5 (42 ) = 0.441-0.427 = 0.014,5 (R43) = 0.339- 0.503=-0.016,5 (%44 ) = 0.777 - 0.196 = 0.581

Table 8. Hybrid Decision Matrix R.
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¥ ¥, ¥, ¥,

b (0.733,0196)  (0.436,0466)  (0.415,0.496)  (0.154,0.798)
ba (0.748,0.117)  (0.450,0.357)  (0.383,0.480)  (0.123,0.798)
bs (0.758,0.117)  (0.477,0399)  (0.458,0.453)  (0.136,0.817)
ba (0.777,0196)  (0.441,0427)  (0.339,0.503)  (0.134,0.800)

Step 5: Utilize the I-IFEHA operator, where 3 =(0.10,0.20,o.30,0.40)T . Then we have
f =(0.3637,0.5520),r, = (0.3510,0.5024), r3 = (0.3858,0.5584), 14 = (0.3042,0.5494)
S(r)=0.363-0.552 =-0.189,5(r;) = 0.351- 0.502 = ~0.151,S (r3) = 0.385— 0.558 = —0.173,5 (14 ) = 0.304 — 0.549 = —0.24¢

Step 6: Thus the best option is p, .

Table 9. Comparative analysis with some existing methods.

Proposed Methods
Methods

ILIFOWA

ILIFOWG
LIFHA
LIFHG

(2134)
(2134)
(2134)
(2134)

LIFOWA
LIFOWG
LIFHA
LIFHG

(2134)
(2134)
(2134)
(2134)

(2134)
(2134)
(2134)
(2134)

(2134)
(2134)
(2134)
(2134)

LLIFOWA
LIFOWG
LIFHA
LIFHG

LIFOWA
LIFOWG
LIFHA
ILIFHG

7. Conclusion

Generalized Einstein operators syndicate Einstein operators with some generalized
operators using IFNs. Hence Einstein operational laws play an imperative, significant
and important role in our daily problems in the case of best selection. Therefore, here we
have presented and explore some new types methods and operators using on IFNs base
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on Einstein operations, such as I-IFEHA operator, I-IFEHG operator, I-GIFEHA
operator, I-GIFEHG operator. Additionally, the new methods have been utilized and
exploited with decision-making. We have discussed the applicability in a decision-
making concerning strategic choice of the best information system and also construct
examples and the operational processes were illustrated in detail to show the efficacy and
value of the developed new methods. Some of their wanted and structure properties, such
as monotonicity, boundedness idempotency, commutativity were developed and some
new results were developed. Finally, an illustrative example is given to show the steps
of decision process of the proposed operators and methods.

In further research, it is necessary to give the applications of these operators to the other
domains such as, Confidence levels, Hamacher operators, Power operators, Symmetric
operator, Logarithmic operators, Dombi operators, Linguistic terms, trigonometric
operation, ranking method for normal intuitionistic sets.
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