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Abstract Groundwater quality plays an important role in human, animal and plant health. 

Measurements of water quality are random variables which need a probabilistic model. 

The interest in fitting suitable probability distributions in modeling water quality data 

remains secure in hydrology and engineering. This paper designed to find the best fitting 

probability distribution of some calcium concentrations of groundwater collected from 

28 sampling sites in Gwale area, Kano state, North-western Nigeria. The parameter 

estimated for groundwater analyzed using gamma, logistic, lognormal, normal, and 

Weibull distributions. Best suited distribution selected using the log-likelihood function 

and the Kolmogorov-Smirnov test, which are the most extensively used goodness-of - fit 

test measurements. Best fitted distribution has been selected using the log-likelihood 

function and Kolmogorov-Smirnov test, widely used measures of the goodness-of-fit 

test. The result indicates that the logistic distribution with the highest log-likelihood 

value determined to fit the calcium concentrations of groundwater data in the sample 

area as the most appropriate probability model. Usefulness of probability distribution in 

the modeling of groundwater quality data and can be used to describe groundwater 

quality data at any other location. Future reference probability distribution model for 

calcium concentrations of groundwater data in the study area was also provided. 
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1. Introduction 

One of the latest advances in the mathematical analysis of environmental studies is the 

application of the probability distribution model. Mathematical models are often used as 

decision support tools to evaluate contamination in groundwater (Cecilia et al. 2020). 

Developing new distribution models certainly helps to easily analyze and interpret the 

spatial and temporal variability of hydro-morphological as well as groundwater physico-

chemical content. It can serve as the reference model for future investigations (Kishore 

et al. 2011). 

Measurements of the water quality are random variables that require probabilistic and 

statistical estimation. Water quality data do not obey the convenient distribution of 

probability, such as the well-known normal and lognormal distributions on which many 

conventional statistical methods are based (Lee et al. 2001). Unfortunately, preceding 

studies were insufficient to conclude the suitability of the correct probability distribution 

functions for modeling water data (Surendran and Tota, 2015). Many efforts have been 

made to study water quality and rainfall patterns using a probabilistic method including 

probability plots and frequency distributions. The probability plots are used to determine 

how well a theoretical distribution describes the sample data. This can be achieved by 

comparing the curves of the measured values to the theoretical distribution density 

curves. Conventionally, researchers apply one or more goodness-of-fit tests to see how 

well a selected distribution fits the dataset (Tahir et al. 2016). The choice of distribution 

to represent any system or quality is verified using the available data (Hahn and Shapiro, 

1967). 

In their study, (Maryam et al. 2018) used frequency analysis to predict the likelihood of 

the most important parameters deteriorating the groundwater quality of the Alashtar 

region, Iran. It has been revealed that probability values of water quality parameters are 

plotted for expected return periods to show which location is more sensitive in 

groundwater quality. To identify the best fit model, six probability distribution models 

were applied to the Karkheh River annual rainfall data (Machekposhti and Sedghi, 2019). 

They used the best-fitted distributions to estimate the expected values of rainfall at the 

rainfall gauging stations. According to (Nwaiwu and Bitrus, 2005), four continuous 

distributions of probability such as normal, lognormal, gamma, and Weibull distributions 

were applied to fit the water quality data collected from the water treatment plant in 

Maiduguri, Nigeria. The analysis of the probability distribution model can be used 

effectively to extract knowledge about potential environmental effects on water quality 

and also useful to classify natural groupings within the dataset. Due to uncertainties, 

these methods are important to avoid misinterpretation of data concerning environmental 

monitoring. Here, the best-fitted distributions are determined using log-likelihood, AIC, 

BIC, and K-S tests of goodness-of-fit. 

The object of this paper is to evaluate the suitable model of the probability distribution 

that best models the calcium concentrations of groundwater data obtained from open 

wells and hand pumps in Gwale local government, Kano state, Nigeria. A total of five 

probability distributions are applied to the dataset and the log-likelihood, AIC, BIC, and 
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Kolmogorov-Smirnov measures are used to determine the best fit probability distribution 

model. The graph of the dataset and estimated probability distribution functions of the 

competitive fitted models are displayed to see how well the models provide better fits to 

the dataset graphically. 

Study Area 

Gwale is a local government area within Kano city, Nigeria. Its headquarters are in the 

suburb of Gwale. It is situated at a latitude11∘58′𝑁and longitude 8∘30′𝐸. The study area 

has an area of 18𝑘𝑚2due to the climatic condition of the study area, seven months dry 

and five months rainy seasons, and the fact that the whole study area lies on the basement 

rock complex. The large amounts of water required for household and industrial 

consumptions in the study area depend heavily on groundwater through tube wells, open 

wells, and hand pumps. The sampling locations and geologic setting of the study area are 

indicated in Figure. 1 and Figure. 2, respectively. 

  
Figure 1. Location map of the study 

area. 

 

Figure 2. Map of Kano state showing 

geologic setting of the study area. 

 

Geology and Hydrology 

The study area is underlined by complex rocks in the basement, which underwent a long 

period of deep clay regolith. The rocks are pre-Cambrian origin and consist of 

metamorphic and old granites with intruded migmatite, gneiss, and phyllite. Besides, 

weathering has resulted in a formation group (usually poor aquifers) except where the 

weathering or fracturing is intensive. The aquifer of the area is a weathered and fractured 

rock in which groundwater exists under stable conditions. The water table lays at a depth 

generally less than 20 meters, and the maximum of boreholes rarely exceed 60 meters 

(Mohammed, 1984). Two hydrological can be identified in the region. The rivers are 

located in the upland areas, which comprise river Kano and river Challawa. The area 

received rainfall of over 800mm annually. The temperature varies by warm to hot 

seasons between November and February. Annual mean temperature ranges from about 

21 degrees Celsius to 27 degrees Celsius (Bala et al. 2011). The least humidity value is 

recorded between January and February, while the highest between July and September. 
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Humidity at 16:00 hours varies from about 20 to 60%, and the highest values are recorded 

in July and August. 

2. Materials and Methods 

Water Sampling 

Calcium concentrations have been collected from 28 sampling stations in Gwale area in 

July 2018. The locations were selected at random to ensure equal treatment for 

representativeness in the area of study. Using the geographical position system, the 

latitude and longitude of the selected locations were determined on a map. After 

determining the locations, groundwater samples are taken from hand pumps and open 

wells, then poured in cleaned plastic containers and put in an iced box before taken to 

the laboratory according to the standard method (Standard Methods, 2005). The 

measurements of calcium concentrations expressed in milligram per liter have been 

analyzed in the federal ministry of water resources laboratory, Kano state, Nigeria. 

Probability Distributions of Groundwater Samples 

The phenomena whose outcomes cannot be exactly predicted with certainty are termed 

as uncertain. Events like water quality concentration are uncertainty exists due to many 

factors, such as social, demographic, political, and hydrological processes (Loucks and 

Van Beek, 2017). Such events can be adequately characterized by developing 

appropriate probability distribution models that deal with uncertainties. The developed 

models can serve as a future reference guide in monitoring water quality data in any 

study area of interest. Henceforth, the groundwater concentration as a random variable 

is denoted by letter x in this paper and has been defined in the following probability 

distribution functions: 

The Gamma Distribution 

A random variable x has the gamma distribution with two parameters 𝛼 and 𝜑 if its 

probability distribution function (pdf) is given by   

𝑓(𝑥) =
1

Γ(𝛼)𝜑𝛼
𝑥𝛼−1𝑒

−𝑥
𝜑  

0 ≤ 𝑥 ≤ ∞ (1) 

where the parameter  is the shape of the distribution and  is its scale parameter. 

The Logistic Distribution 

A random variable x has the logistic distribution with two parameters   and  if its 

pdf is given by   

𝑓(𝑥) =
𝑒

(𝑥−𝜇)
2⁄

λ(1 + 𝑒
(𝑥−𝜇)

2⁄ )2
 

−∞ ≤ 𝑥 ≤ ∞ (2) 
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where 𝜆 𝜇 and are the location and scale parameters of the logistic distribution 

respectively. 

Lognormal Distribution 

A random variable x follows the lognormal distribution with two parameters 𝜇 and 𝜎 if 

its pdf is given by  

𝑓(𝑥) =
1

√2𝜋𝑥2𝜎2
𝑒

−1
2

(
𝑙𝑛𝑥−𝜇

𝜎
)2

 
0 ≤ 𝑥 ≤ ∞ (3) 

The parameters 𝜇,𝜎 and are the mean and standard deviation of the lognormal 

distribution, respectively. 

Normal Distribution 

A random variable 𝑋 is said to have a normal distribution with two parameters 𝜇 and 𝜎 

if its pdf is given by  

𝑓(𝑥) =
1

√2𝜋𝜎2
𝑒

−1
2

(
𝑥−𝜇

𝜎
)2

 
−∞ ≤ 𝑥 ≤ ∞ (4) 

 where the parameter 𝜇 is the mean of the normal distribution and 𝜎 is its standard 

deviation. 

Weibull Distribution 

A random variable 𝑋 is said to follow a Weibull distribution with two parameters 𝛼 and 

𝛽 if its probability distribution function (pdf) is given by 

𝑓(𝑥) =
𝛼

𝛽
(

𝑥

𝛽
)𝛼−1𝑒

−(
𝑥
𝛽

)𝛼

 
0 ≤ 𝑥 ≤ ∞ (5) 

where 𝛼 𝛽and are the shape and scale parameters of the Weibull distribution respectively. 

Probability Distribution Tests 

These are tests of the hypothesis that assess whether sample data is taken from a 

population following a predicted distribution of probability. A model is selected to fit a 

probability distribution on a dataset. Model selection depends on various statistical tests 

or the experience of observed data. After the model selection, the parameters of the 

selected distributions are estimated based on the method of parameter estimation. Then 

the candidate model's performance on the dataset is measured and evaluated by one or 

more fitness-of-fit tests (Maryam et al. 2018). Hence, the selected fitted distribution can 

reasonably be used as a distributional model for the given dataset. 

In the present study, a total of five probability distributions such as Gamma, Logistic, 

Lognormal, Normal, and Weibull are applied to the calcium concentration measurements 

to identify the best fit of the probability distribution model(s) using log-likelihood and 
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Kolmogorov-Smirnov (K-S) tests. The calcium concentrations are measured in the 

laboratory from the 28 collected groundwater samples in Gwale area of north-western 

Nigeria. In each case, the parameters of the model are determined by the maximum 

likelihood test. The measures of goodness-of-fit are computed to compare the fitted 

model and identify the best fits. The log-likelihood is the value of the calculated log-

likelihood function using parameter estimation of maximum likelihood. In this case, the 

model with the higher log-likelihood values and smaller AIC and BIC values for each 

selected fitting distribution is known as the best-suited model. Moreover, p-values for 

each model are computed from the K-S statistic to suggest if the candidate distribution 

could describe the dataset. The p-values less than 0.05 would indicate that calcium a 

dataset does not come from the selected distribution with 95% confidence. The statistical 

measures log-likelihood, AIC, BIC, and K-S are described in details in (Chen and 

Balakrishnan, 1995). All computations in this study were performed using stat graphics 

software. 

3. Results, Interpretations, and Discussions 

The calcium concentrations of the groundwater data are subjected to five selected 

continuous distributions to identify the best fitting distributions using statistical measures 

such as log-likelihood, AIC, BIC, and K-S tests. The estimated parameters of the fitted 

distributions, the log-likelihood, AIC, BIC values, K-S, and p-values are listed in Table 

1. 

According to results in Table 1, the maximum value of the log-likelihood corresponds to 

the fitted logistic model among the fitted Gamma, Lognormal, Normal, and Weibull 

competitive models. Hence, the logistic model gives a suitable fit for the calcium 

concentration data and, therefore, can be identified as the best-fitted model. However, 

the best-fitted distribution can be assessed visually by using a frequency histogram and 

Q-Q plot. The plots of the fitted Gamma, Logistic, Lognormal, Normal, and Weibull 

density functions are displayed, as shown in Figure. 3 through Figure. 9. These plots 

have shown that the logistic model closely fits the dataset compared with Gamma, 

Lognormal, Normal, and Weibull models. Therefore, it can be observed that visual 

inspection confirms the results given by the numerical measures. 

 

 

 

 

 

 

 



Assessment of probability distributions of …                                                        43 

 

© 2020 The Authors. 

Published by Firouzabad Institute of Higher Education, Firouzabad, Fars, Iran 

Table 1. Estimated parameters, Log-likelihood, and K-S P-values for calcium 

concentration data and competing distributions. 

 

 
 

Figure 3. Q-Q plot of calcium concentration and 

the fitted gamma distribution. 

 

Figure 4. Q-Q plot of calcium concentration 

and the fitted logistic distribution. 

 

Distribution Gamma Logistic Lognormal Normal Weibull 

Parameter Shape=9.2134 

 

Mean=15.0597 

 

Mean=2.6532 

 

Mean=15.006 

 

Shape=4.2736 

Estimates Scale=0.6140 Std.dev=4.0270 Std.dev=0.3970 Std.dev=4.063 Scale=16.4138 

Log-

likelihood 
-89.3973 -83.7030 -93.9521 -84.124 -84.6004 

AIC 306.3619 297.3786 308.6167 297.6089 306.1793 

BIC 309.0263 300.0430 311.2811 300.2733 308.8438 

p-value 0.3074 0.6791 0.1162 0.8496 0.8464 
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Figure 5. Q-Q plot of calcium 

concentration and the fitted lognormal 

distribution. 

 

Figure 6. Q-Q plot of calcium 

concentration and the fitted normal 

distribution. 

 
 

Figure 7. Q-Q plot of calcium concentration and the fitted Weibull distribution. 
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Figure 8. Probability densities of the 

five fitted distributions. 

 

Figure 9. Plot of calcium concentrations 

and the five fitted distributions. 

4. Conclusion 

Distribution Fitting tests are hypothesis tests that assess whether sample data were drawn 

from a population following hypothesized probability distributions. Typically, one or 

more goodness-of-fit tests are applied to actual datasets to determine the efficiency of 

the candidate fitting distributions based on the results of these statistical measures, and 

the visual graph can also be used to verify the results of the models selected. In this paper, 

a total of five probability distributions, Gamma, Logistic, Lognormal, Normal, and 

Weibull, are applied to calcium concentration data to identify the best-fitted distribution 

using log-likelihood, AIC, BIC, K-S tests, and visual inspection. According to the results 

of these statistics and visual inspection, the logistic distribution model has been identified 

as the best-fitted model than other competing models for the dataset. Hopefully, the use 

of probability distribution models can draw broader applications in groundwater data 

fitting. 
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